arXiv: 1505.0669Ivl [gr-qc] 25 May 2015 


The equivalence principle and the relative velocity of local inertial 

frames 

F. Shojai and A. Shojai 
Department of Physics, 

University of Tehran, Tehran, Iran 

& 

School of Physics, 

Institute for Research in Fundamental Sciences (IPM), Tehran, Iran 

(Dated: May 26, 2015) 

Abstract 

In this paper we explicitly show that in general relativity, the relative velocity of two local inertial 
frames is always less than the velocity of light. This fact is a by-product of the equivalence principle. 
The general result is then illustrated within two examples, the FLRW cosmological model and the 
Schwarzschild metric. 
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I. INTRODUCTION 


Special relativity does not allow faster-than-light velocities. Neither can a particle move 
faster than light in an inertial frame, nor can the relative velocity of two inertial frames be 
greater than that of light. 

Naturally this question arises: what is the situation in general relativity? In Einstein’s 
theory of general relativity, inertial frames are dehned locally as freely falling frames. Ac¬ 
cording to the equivalence principle, the special theory of relativity is applicable in each 
of these local frames. It follows that in these local frames, the velocity of any particle is 
always less than the velocity of light. However, the situation for the relative velocity of 
neighboring or far away inertial frames needs more attention. Even for neighboring frames, 
simply dividing the spatial coordinate distance by the temporal coordinate distance of two 
frames can result in a superluminal velocity. By spatial and temporal coordinate distance 
of two neighboring frames we mean the difference between the coordinates of the origin of 
the two frames in an arbitrary global frame covering both local frames. In special relativ¬ 
ity, it is simple to observe that dividing spatial distance by temporal distance can lead to 
superluminal velocity. 

For example, consider two particles (either near each other or far away) moving with 
velocity 0.9c in different directions. The above mentioned method of calculation of the 
relative velocity would result in 1.8c. But using the relativistic velocity addition method 
(which is equivalent to making a Lorentz transformation to bring one of the particles at 
rest), one gets ~ 0.99c. It is clear that this second method is physically meaningful. 

The existence of curvature of the space-time in general relativity, makes the situation more 
complicated. For example in a spatially flat cosmological model, the spatial distance between 
two particles at rest at locations xi and T 2 is d = a{t)\x 2 —xi\. a(t) is the scale factor of the 
universe. Differntiating this distance with respect to the time (which is equivalent to the 
above naive way of dehning relative velocity), the Hubble law v = ad/a is obtained. Setting 
a ~ t" (which is true both for radiation-dominated universe (a = 1/2) and matter-dominated 
universe {a = 2/3)), the velocity is v = d/2t. This is superluminal for d > 2t. Note that in 
the early universe (t —)■ 0), where the curvature is large, the velocity is superluminal even 
for small d. 

The above discussions apply for two particles at rest in this cosmological model. If the 
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two particles move in the opposite directions, the velocity would be more larger than the 
velocity of light. 

In cosmology, this is usually explained in this way: There is no contradiction with special 
relativity, since objects do not move in the co-moving frame and only the space expands, 
and the receding velocity does not correspond to a physical velocity.-^- To dehne the correct 
relative velocity of two objects in special relativity, one should measure the velocity of the 
hrst object in the rest frame of the other object. In order to dehne the relative velocity of 
two frames in general relativity, we have to parallel-transport one of the local frames to the 
location of the other one. As we shall explain in the next section, by this parallel-transport 
we mean, transporting all the geometrical objects, like a vector, parallel to themselves by 
taking into account not only the change in the components of the object, but also the change 
in the unit vectors of the coordinate frame. 

For a spatially hat FLRW cosmological model, it has been shown that^ the relation 
between two freely falling frames is given by a Lorentz transformation in which the relative 
velocity is less than that of light, both for nearby and far away frames. 

In this paper, we study two nearby or far away local frames. We show that, in general, 
the parallel-transporting the axes of the hrst local frame to the location of the second one, 
and the axes of the second frame are related to each other by a Lorentz transformation. 
Therefore the relative velocity is always less than that of light. We show that this is correct 
not only for FLRW cosmological model as is shown in Ref. 0, but also for any space-time. 
Then we shall explicitly evaluate this relative velocity for two examples, the FLRW and the 
Schwarzschild metric. 


II. THE RELATION OF NEIGHBORING LOCAL FRAMES 

According to the equivalence principle, it is always possible to hnd a reference frame, at 
any point in space-time, such that special relativity is valid at that point and in a sufficiently 
small neighborhood around it. This frame is called a freely falling frame, because no gravity 
is present in it as it falls freely under the action of gravity. Alternatively, this frame is called 
a local inertial frame. We use the notation for the unit vectors of the coordinate system 
of this frame. These unit vectors and those of the global coordinate frame are related to 
each other by tetrads, which we shall dehne later. In choosing this coordinate system one 
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has freedom in two ways. First, the basis vectors of any local inertial frame can be Lorentz- 
transformed (not Poincare-transformed, because translations can push the point outside of 
the neighborhood). Second, it is possible to use any curvilinear local coordinate system, 
instead of the usual Cartesian one. 

In the absence of gravity, it is possible to choose these local frames such that the unit 
vectors of the coordinate frames at different points are parallel, and thus special relativity 
is valid globally. Therefore gravity is the nontrivial rotation of the unit vectors of nearby 
inertial observers. In this sense, gravity is a gauge theory obtained via localizing the global 
Lorentz group of transformations.- 

In order to make our notation more clear, let us distinguish between three coordinate 
systems, as shown in Fig. [H The global coordinates are denoted by x^. The local Carte¬ 
sian and non-Cartesian coordinates centered around point X are denoted by 
respectively. We will use Greek indices, /r, i/,..., to represent global coordinates, with 0 
the temporal coordinate (in units with the speed of light equal to 1) and the letters i,j,... 
indicating the spatial coordinates. For the local Cartesian indices we use a,b,... (temporal 
0, spatial and for local curvilinear coordinates we use a,b,... (temporal 0, spatial 

A,b,...). 

For each coordinate system, one can dehne unit vectors, metric, connection, and lowering 
and raising indices. These dehnitions and the relation between them are summarized in 
Tabled! 

Unit vectors of the global, the local Cartesian, and the local curvilinear frames are denoted 
by gA^), ea(X), and 7 ^(X), respectively. Their inner products are dehned in the second 
and third rows of Table dl 

Since a general displacement vector can be written as dx = dx^g^, the length of a vector 

is dx ■ dx = (g^ ■ g,y)dx^dx^, and thus the metric is ■ g^, with signature (-1-). 

Similar reasoning leads to the third row of Table dl 

The relation between global and local Cartesian frames can be obtained using dx = 
dx^gfj, = d^^'Ga = {8^°“/dxA^adx^. Therefore we can write g^ = e^e^, in which the tetrads 
e“ are dehned as e“ = d^°‘/dx^. Similar tetrads relating other local frames are dehned in 

Tabled! 

Finally, the affine connection components are the derivative of unit vectors. It is clear 
from the hfth row of Tabled! that the global connection consists of two terms. The hrst term 
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corresponds to the global change of the unit vectors, while the second term is some sort of 
internal connection representing the use of curvilinear coordinates, which is zero if one uses 
Cartesian coordinates. 

As stated earlier, we have the freedom to make Lorentz transformation on the local 
coordinates, 

e= ( 1 ) 

and the freedom to choose non-Cartesian coordinates: 

= ( 2 ) 

The presence of gravity leads to the rotation of local unit vectors from one point to a 

neighboring point. But there is a restriction on their relation. We shall show that the 

tetrads (and thus the unit vectors) at any two neighboring points are related to each other 
by a Lorentz transformation. Therefore, the relative velocity of two neighboring freely falling 
frames is less than the velocity of light. This parallel transportation can be integrated to 
give the same relation between two far away local frames. 

To show this, let us hrst parallel-transform a four-vector S from the point a; to a neigh¬ 
boring point X -f dx. Since S = S^g^, 

6S = S(x -I- dx) — S(x) = S^{x + dx)gfj,{x + dx) — S^{x)g^{x) 

= + S^^dagf,) dx"". ( 3 ) 

The components of the four-vector (i.e., ■ S) are thus parallel-transported as 

Sr ^ = + ri^^(x)S’^{x)dx'^. ( 4 ) 

To obtain the change in the unit vectors, let us set 

e((, X^. (5) 

Using the relations in Table [H we see that the parallel-transported unit vector consists of 
three terms, the unit vector itself, the term arising from Taylor expanding around the hrst 
point and the connection term arising from the change of unit vectors: 

AT = e>: + (6) 
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Multiplying the above relation by e|^(x + dx), and retaining terms up to first order in dx^, 
we obtain the same result in terms of local indices: 

+ T-Ae^Jx\ (7) 

This relation dehnes the way that the components of the local unit vectors are parallel- 
transported to the neighboring points. 

The claim that nearby local frames are Lorentz-rotated means that we must have 

= A\5l = 5l + ( 8 ) 

with the Lorentz parameters 'dab being antisymmetric. Combining Eqs. (0 and dH]), we get 

■dab = T>^^e'l^e'"^r]acdx'" + ijaccl^dx^'d^e^. (9) 

Assuming metric compatibility, this can be simplihed by substituting the metric in terms of 
tetrads, 

= g/. ■ gv = (10) 

in the connection term. After rearranging the terms and writing dx^ = e^d^°', we get 

= ^dC {e“ (dbCaa “ - CbdaCca) + (Caa^cC" - eba^ce")} , (11) 

which is clearly antisymmetric. 

Therefore the conclusion is that for any general space-time, any two nearby freely falling 
observers are Lorentz transformed with respect to each other and thus their relative velocity 
is less than that of light. To obtain the relative velocity of two far away local frames, one 
should integrate the above result. That is the relation between two far away local frames is 
given by multiplication of a large number of Lorentz transformations which we know from 
special relativity that is a Lorentz transformation. This means that the relative velocity of 
two far away local frames is subluminal, too. 

In the next section, we shall illustrate this general result within two examples, FLRW 
cosmological model and Schwarzschild solution. 

III. EXAMPLES 

To illustrate the result of the previous section, let us apply it to some examples and see 
how subluminal velocities are obtained. 
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A. FLRW cosmology 


As a first example, suppose that one wants to calculate the relative velocity of two galaxies 
in the Friedmann-Lemaitre-Robertson-Walker geometry. Since we are using the co-moving 
frame in cosmology, the relative velocity of two galaxies is just the relative velocity of local 
inertial frames. Let us hrst parallel-transport the four-velocity at an arbitrary point to a 
neighboring point along a curve whose space-like tangent vector is = (0, k). We have 


k^dx + = 0 . 


( 12 ) 


Using the general form of an expanding universe space-time metric. 




0 —a?{t)hi 


( 13 ) 


in which hij is the three-metric of spatial slices, and noting that the only non-vanishing 
components of the connection are 


a 




where 7 *^ are the three-connection of the three-metric the spatial part of the equation 

of parallel transportation is: 

k^diV^ + k'^v^hijad = 0 (15) 


while the temporal part reads as: 


k^d,v^ + kh^- + = 0. 

a 


Using the relation = e^e^gab, the tetrads are given by 


( 16 ) 


7 = ( 1 . 0 ) 


( 17 ) 


and 


ei = a(0,E/), 


where £/ are the triads of the metric ho, defined as 


( 18 ) 


ElE^6u = K,. 


(19) 
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The velocity components in the local inertial frames dehned as are given by 


^0 _ _ ^0^ 


= el^v>^ = aElv\ 


Then, the parallel-transport equations of velocity along are given by: 

a 

_ + -K = 0, 

Of!. a 

dU d n ^ 

717 + -“ = 0 ’ 
at a 


( 20 ) 

( 21 ) 

( 22 ) 

(23) 


in which u = kju^ and d/di = Ed/dx^ = k^d/d^^, and i is the local distance of two nearby 
galaxies. 

The above coupled equations can be solved easily to obtain 



= exp 



(24) 


Diagonalizing the exponential leads to 



cosh(a£/a) — sinh(a£/a)\ (l 
— sinh(a£/a) cosh(a£/a) / \0 


(25) 


This expression shows that the transported velocity is boosted with respect to the local 
inertial frame, with the relative velocity 

Urei = tanh^-f'j, (26) 

which is less than the velocity of light. This result extends the derivation of Ref. 0 to a 
geometry with arbitrary spatial curvature. 

This result can also be obtained from the general calculations of the previous section. 
Simply substituting the tetrads of the FLRW metric in equation (1TT|1 . one gets 


and 


Ai = -dii 
a 


^ij = 0. 


(27) 


(28) 


This last equation which shows the vanishing of the space-space components of the Lorentz 
parameters, indicates that the nearby local frames are not spatially rotated with respect to 
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each other. In addition, keeping in mind that the relative velocity and the boost parameter 
are related to each other via Vrei = tanh'do/, we see that the relative velocity of two nearby 
local frames is less than that of light. To obtain the relative velocity of two distant local 
frames (e.g. the relative velocity of two distant galaxies), one should make successive Lorentz 
transformations which leads to the boost parameter 'dor = / ad^j/a = d£/a. This gives the 
subluminal relative velocity given by Eq. (126|) . 

It has to be noted that, if we calculate the velocity by the naive way of dividing the 
spatial distance by temporal distance, we get the velocity given by Hubble’s law di/a, as 
discussed in the Introduction. Therefore, the physical relative velocity given by Eq. fl2BD is 
always less than the velocity of light, while the naive calculation can lead to superluminal 
velocities. 


B. Schwarzschild black hole 




(29) 


As a second example, let us study the Schwarzschild metric: 

f A{r) 0 0 0 \ 

0 -1/A(r) 0 0 

0 0 0 

y 0 0 0 —sin^ 6 

with A{r) = 1 — Ts/r, in which r* = 2GM is the Schwarzschild radius. The tetrads are 
eJ = (vC4,0,0,0), ei = (0,^,0,0), ej = (0, 0, r, 0), ej = (0, 0, 0, r sin d), (30) 

and the non-vanishing components of the connection are 

^10 = Tqo = 2^^ ’ ^11 ~ ~ —rA, 


Tgg = —r sin^ dA, rg 2 =-, Tgg = — sind cosd. 


(31) 


Using the Eq. CD. the only nonzero boost component of two nearby freely falling frames is 

A' 


■doi = 


2^/A 

leading to the relative velocity 


dC' = -= ^dx^, 

2r^\/\ — Ts/r 2r 


Vre\ = tanh 


/ A'^o \ 

AvaJ’ 


(32) 


(33) 
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which is again less than that of light. 

Like the previous example, we can obtain the same result from the parallel-transport 
equations. Choosing = (1, 0, 0, 0) in the parallel-transport relation and going to the local 
inertial frame, one gets the following relations: 


The solution is 



du^ A' , 

Tvqr H- = 0, 

2^/A 

du^ A' ^ 

2\/]4 


= exp 


on A' 


1 0 / 2^/A 





which can be evaluated via diagonalization to obtain 


(34) 


(35) 


(36) 



f msb(A'('’/2x/A) -smh(/l'{72\/)4) 
i — sinh(/17'^/2\/)4) cosh(yl7**/2\/^) 



(37) 


This is a Lorentz transformation with the relative velocity given by Eq. fl55]l . 


IV. CONCLUSIONS 

According to the equivalence principle, the special theory of relativity holds in local freely 
falling frames. It is an important property of general relativity that these local inertial frames 
are related to each other by Lorentz transformations. This means that the relative velocity 
of local frames is always less than the velocity of light. 

The naive way of obtaining the velocity, i.e. dividing the spatial distance by the temporal 
one, can lead to superluminal velocity. But this is not true for a physical relative velocity 
which is obtained by parallel transporting the first local frame to the location of the second 
one and comparing them. The physical relative velocity is always less than the velocity of 
light. 
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TABLES 


TABLE 1. Geometrical relations for different frames. 



Global 

Local Cartesian 

Local curvilinear 


frame 

frame 

frame 

Coordinates 


e 

c" 

Unit vectors 


ea{X) 

laiX) 


-gu = sii 

e“ • = 5'^ 

7“ • 7b = 

Metric 

gft ■ gu ~ 9lJ,U 

— Vab 

la-lb = lab 

Change of frame 

= ^ila 

Ga = e^g^i = e^7fe 

la = A^b = KSg 

Tetrads 

pd- 

~ dxi^ 

t-a — 0^^ 

b df*’ b g 

Inverses 

Ujd=d^ 

— dxi^ 

b = ^ _ b g 
'-a — 

\g — ^x^^ _ 

^d — d(°- ^b '^d 

Connection 

pa _ „a dgv 

& ■ dx>^ 

0 

pd _ ^d . 97a 
be ' 


- 

^a dx^ ' 


^aQc^h 


a h cya 
la 1(1 jyc 



Metric compatibility 

r“. = 


pd ^ 1 dd^ 
be 


/ dgpi3 1 dg„i3 dgp^\ 

y dx’' dx>^ dxl^ j 


( 97(,d , 97ad 97j,. \ 

V 97 dcb dC<^ ) 
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